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Abstract. In this paper, the third grade non-Newtonian 
MHD blood flow in the porous arteries subjected to the 
pressure gradient was studied using the Caputo-Fabrizio 
(NFDt) time fractional order derivative. The time 
fractional model was solved by taking the Laplace and the 
finite Hankel transforms. The Mathematica software was 
used to simulate the velocity profile and the Bessel 
functions with zero order and first order of first kind. The 
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correlations between the flow velocity and the third grade 
non-Newtonian fluid parameter and the magnetic field 
were found to be negative. 
Keywords: Caputo-Fabrizio fractional derivative, 
unsteady pulsatile, Incompressible fluid. 
 
 
1. Introduction 
Blood flows inside human arteries consist of red blood cells (RBCs), white 
blood cells (WBCs), platelets and other nutrients. Blood serves as a carrier 
in transporting water, glucose, minerals and other necessary materials, etc. 
to organs. Several artery properties such as wall porosity, wall elasticity 
and phase angle could affect the blood flow behaviour. RBC is rich in iron; 
therefore, its behaviour is sensitive to the magnetic field. The MHD blood 
flow simulation using the local and time fractional models has been 
extensively reported.  According to Abdullah et al [1], the velocities of 
blood and magnetic particles were low in the presence of external 
magnetic field. However, both velocities increased when the Reynolds 
number decreased. According to Akbar [2], for symmetric stenosis, the 
resistance caused by impedance reaches to its maximum value, and due to 
high flow rate in the diverging tapered artery it was smaller than as 
compared to the converging tapered artery case and size of the trapping 
bolous was increased by increasing the height of the stenosis   and n, 
while the number and size of the trapped bolous was decreased in the non-
tapered artery 0  and converging tapered artery 0  than as 
compared to the diverging tapered artery 0 . Akbar and Nadeem [3] 
found that by simply increasing the Weissenberg number, the fluid 
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velocity increased and the impedance resistance decreased. The flow 
velocity in the converging tapered artery was higher than those in the non-
tapered and diverging tapered arteries. Also, by increasing m, n and L, the 
resistance to impedance increased for all arteries. In Akbarzadeh [4] 
reported that, the effect of viscous forces on blood flow was more evident 
at low Womersley number; all velocity plots were parabolic in shape and 
oscillation of flow velocity was found due to the pressure gradient. 
Furthermore, in the presence of high pressure gradient, the velocity 
remained constant at the extreme positions and it was higher in the core 
region. Akinshilo and Sobamowo [5] have established various MHD fluid 
flow models, by taking into account the thermophoresis parameters and 
viscosity. Their results were useful for the treatment of blood-related 
diseases by improving the drug delivery mechanism and the blood 
transportation in the porous medium via Nano particles. According to Bao 
et al [6], their non-contact technique (in which the free surface flow of 
liquid oxygen was controlled by employing the non-uniform magnetic 
field) could develop the interface renewal and, minimize the resistance of 
flow inside the cryogenic distillation column by refining the flow 
uniformity, (more effective than air separation of cryogenic). According to 
Das [7] highlighted that increased viscoelastic parameter would decrease 
the flow velocity. However, by increasing the porosity and the mass 
Garashof number, the flow velocities of both Newtonian and non-
Newtonian fluids increased significantly. The effect of viscoelastic 
parameter on wall shear stress was more evident than those on temperature 
and concentration profiles. Eldesoky [8] reported that both channel 
temperature and axial blood flow velocity increased with respect to the 
Prandtl number and the heating source parameter. However, these 
parameters decreased as, the decay‟s parameter increased. The normal 
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blood flow velocity decayed as the Prandtl number and the heating source 
parameter increased. The results were useful for physiological fluid 
dynamists and medical practitioners. The temperature variation in the 
radial direction was marginal as reported by Fardad et al [9]; however, it 
had a pseudo parabolic propensity upon normalization. Gupta et al [10], 
highlighted that the wall shear stress in the irregular stenotic region for 
540130Re   was unstable. Krasnov et al [11] reported that the flow 
model transformations were significantly affected by the magnetic field. 
They have adopted the finite difference approximation and the 
conservative scheme approach to simulate the turbulent flow subjected to 
moderate magnetic field. According to them, this scheme was more stable 
and accurate than the upwind discretization approach. The method 
presented by Mekheimer and Kot [12] was not applicable for vessel 
constriction 1
0

R

 as the fully developed flow equations were used 
(which was suitable for Poiseuillle-like flow). As reported by them, the 
flow velocity predicted by using the Newtonian fluid model was higher 
than that of the particle fluid suspension model. Furthermore, the axial 
velocity curve for the non-curvature artery had higher transmission than 
that of the curvature one. Okuyade [13] reported that velocity, pressure and 
temperature distributions were diminished by the blood viscosity. Parmar 
and Jain [14] claimed that the heat transfer rate increased with respect to 
the radiation and Eckert numbers. As compared to the Newtonian, Casson 
and Williamson fluid models, the Maxwell fluid model exhibited a more 
effective and satisfactory thermal heat transfer capacity. Furthermore, in 
the presence of strong external magnetic field, the momentum of the 
boundary layer diminished and the thermal boundary layer thickened. 
Factors such as Schmidt, Hartmann, Grashof, Eckert numbers and the 
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chemical reaction parameters had no significant effects on the temperature 
profiles as reported by Ram et al [15]. However, the fluid velocity was 
strongly affected by all factors, except the Hartmann number. Both 
permeability and frequency parameters affect the temperature and the 
velocity profiles. There was a remarkable decrease in the velocity by 
increasing Sc and Ec, whereas the temperature and velocity decreased as 
the rising the radiation parameter increased. The increase of Tran‟s mural 
pressure by increasing the radial velocity could cause the overthrow of 
LDL at the maximum height of the stenosis. This condition would lead to 
the intimal stiffening of the artery in the particular region as reported by 
Singh and Rathee [16]. By increasing the pressure gradient, there was a 
rise/drop in the systolic/diastolic pressures, which was undesirable for 
patients suffering from heart diseases. The blood flow near the maximum 
height of the stenosis was disturbed due to the increasing wall shear stress. 
The intensity of magnetic field should be carefully adjusted. 
Venkateswarlu and Rao [17] increased the hematocrit values increasing the 
pressure gradient. They highlighted that both systolic and diastolic 
pressures should be bounded.           
In the present research, the MHD blood flow through a porous artery of 
pulastile nature was simulated. The third grade non-Newtonian fluid 
subjected to the periodic body acceleration was employed. By employing 
the periodic pressure gradient, the pulsatile nature of the fluid flow was 
then examined. In order to differentiate the shear thinning/thickening and 
the normal stress, the viscoelastic third grade non-Newtonian fluid model 
was adopted. The Caputo-Fabrizio time fractional model was solved by 
first taking the Laplace transformation followed by the finite Hankel 
transformation. While taking the inverse Laplace transformation, the 
Robotnov/Lorenzo function was used as well. The numerical results 
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agreed well with those reported by Akbarzadeh [4] as shown in Table 1. 
The effects of magnetic field, third grade non-Newtonian fluid parameter, 
Womersely number and porosity parameter on the axial velocity were 
analysed using the Mathematica software. The results are beneficial to the 
understandings of magnetic drug transportation in arteries, complex bio-
waste fluids deliveries, irregularities of gastro intestinal regulated by 
magnetic field, magneto endoscopy and surgeries in bleeding control.   
 
2. Formulation of the Problem  
 
The unsteady pulsatile laminar MHD flow of the third grade 
incompressible non-Newtonian fluid inside the porous artery was analysed. 
The problem domain in the cylindrical coordinate systems ),,( xr   was 
shown in Fig. (1). As seen, blood flows in the x-direction through a porous 
artery of radius R, The axial blood flow velocity ),( tru . The fluid flow 
was axisymmetric. On the outer wall (i.e. Rr  ), the no-slip condition (
0u ) was assumed.  
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Fig.1. Flow Pattern  
 
Due to the pumping action of heart, the pressure gradient 
x
p


  was 
included inside the porous artery,  
,cos)(,0 gg AtgA
x
p



       (1) 
From Eq (1), Ag0 is the steady part. Furthermore, g(t) represents the body 
acceleration, Ag is the acceleration amplitude, and  is the angle between 
the body acceleration and the pressure gradient. The effect of gravity was 
neglected. The governing momentum equation in the axial direction 
(Akbarzadeh [4]) can be written as:    
),,(cos),(}{),(
2
0 truBAtru
K
divtru
t
gx 

 


  
  (2) 
,)]([Where
2
12211
2
1 AAArAtpI    
 is the stress tensor, p is the pressure, K is the porosity parameter,   is 
the blood viscosity,   is the blood density, 
2
0B  is the magnetic 
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parameter, t is the time,  and, 21  are the material moduli, and A1and 
A2 are the Rivlin Ericksen or kinematical tensors  
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The non-dimensional variables are, 
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The dimensionless form of the momentum equation Eq.(2), can be written 
as, 
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The Caputo-Fabrizio time fractional model of order   of Eq.(5) such that 
)1,0(  obtained by taking 
)(
tD
t



, 
 cos),(),(
1
)2cos1(),( 22
2
1
2 Btru
r
tru
rr
tBtru
t














          (6) 
A Letter on Applications of Mathematics and Statistics 2018 
 ISBN XX 
 
127 
 
),()(),(),(3),(
1 2
2
2
23
truPMtru
r
tru
r
tru
rr



























 , 
where



2
2
2 R  is the dimension less Womersley number, 
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A
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2
2
2
R
U

   are the third grade non Newtonian fluid parameters, 
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1  represents the pressure gradient, 


2
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magnetic field parameter, and 
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2  shows the acceleration 
parameter. The, frequency ratios can be represented as  
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with ),[],1,0[ ta   and abbaLf  ),,(1 , where  ),(1 baL  is the 
class of all integral functions f on ],[ ba . )(M is the normalization 
function such that 1)1()0(  MM . In the current paper, the condition 
)1,0(  was followed strictly in order, to have a better understanding on 
the problem of the non-local model. For 1 , the non-locality was lost. 
The non-dimensional initial and boundary conditions can be written as:  
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3. Solution to the problem 
The new definition of Caputo-Fabrizio fractional derivative (NFDt) 
assumes two different representations for the temporal and spatial 
variables. The first representation works on time variable. In this situation 
it is more convenient to use the Laplace transform. By applying the 
Laplace transform on the temporal variable t given in Eq. (6) and 
imposing. The boundary conditions given in Eq. (8): 
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Here )],([),( truLsru  . The dimension-less governing Caputo-Fabrizio 
time fractional model contains highly non-linear terms with respect to the 
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radial component r. By taking the finite Hankel transform of order zero 
with respect to the radial coordinate r of Eq. (9) and applying the boundary 
conditions in Eq. (10) 
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where ,...2,1for)],,([),(  nrsruHsru nnH , are the positive roots of 
the equation 0)(0 xJ , which is the Bessel function of first kind and zero 
order. Eq. (11) can be written explicitly for ),( sru nH  as 
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3.1 Axial velocity 
By applying the inverse Laplace transform 
1L  on Eq. (12) and using the 
Robotnov/Lorenzo ],[ taFq  function defined as, 
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One obtains 
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By inverting the Hankel transformation in Eq. (14), the final expression for 
axial velocity, which has two Bessel functions with zero and first order of 
first kind, can be retrieved.  
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The axial flow velocity in the domain of interest can be determined via Eq. 
(16). In eq. (14) and eq. (16), gf   represents the convolution product of 
f and g. The parameters used in evaluating the simulation results are: 
2
31
43
1112
1
22
2
1 ,
1
,),1(PM
n
nn
nn
nn
n
nnn
a
aa
aa
aa
a
ara 








   (17) 
 
 
 
 
4. RESULTS AND DISCUSSION 
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The main aim of the current study was to apply the Caputo Fabrizio 
fractional derivative NFDt for MHD blood flow simulation. The time 
fractional model was solved using )1,0(  to enforce non-locality. The 
fluid velocity ),( tru  in the x-direction obtained from Eq. (16) was then 
examined by manipulating the values of Womersley number  , third 
grade non-Newtonian parameter  , magnetic field parameter M and 
porosity parameter P. The axial and radial velocity ),( tru  profiles were 
plotted for  5.0,3.0,2.0  (see figures 2 to 13). In these plots the 
following parameters were prescribed: ,2.0,44.1,4.1 21  BB
939.1and
24
 t

 .  
 
 
 
 
 
 
 
 
 
 
Fig.2. Axial velocity for different values of   and at 
2.1M   against r 
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Fig.3. Axial velocity for different values of   and at 8.0M   
against r 
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Fig.4. Axial velocity for different values of   and at 2.0M   
against r 
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Fig.5. Axial velocity for different values of   and at 
2  against r 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig.6. Axial velocity for different values of   and at 
5.1  against r 
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Fig.7. Axial velocity for different values of   and at 1  
against r 
 
 
 
 
The effect of the intensity of external magnetic field on the blood flow 
velocity was depicted in Fig. (2 to 4). By increasing the strength of the 
external magnetic field, the radial flow speed decreased. Therefore, by 
simply controlling the external magnetic field, the axial blood flow 
velocity can be adjusted accordingly. Moreover, the velocity variation was 
large at higher fractional parameter  . 
Figures (5 to 7) show the influence of the third grade parameter   on the 
flow behaviour. As seen, the amplitude of the velocity profile decreased as 
the third grade non-Newtonian parameter   increased, which was 
consistent to that reported by Akbarzadeh [4].  
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5. CONCLUSION  
 
The pulsatile blood flow inside the porous arteries was simulated by 
applying exerting the periodic pressure gradient (simulating the presence 
of an external magnetic field). The Caputo-Fabrizio (NFDt) time fractional 
order derivative was adopted. The blood was modeled as the third-grade 
non-Newtonian fluid. The time fractional model was solved by first taking 
the Laplace transformation, followed by the finite Hankel transformation 
(coupled with the Lorenzo function). The governing time fractional model 
was solved in the non-local system. The relationship between the velocity 
and the   value was investigated for various flow parameters. The 
correlation between the velocity and variables such as the visco-elastic and 
the magnetic field parameters were negative. The simulated velocity 
profile agreed well with that reported previously. The current findings are 
helpful in the clinical investigations of various arterial diseases. 
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